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Abstract

It is shown that at large values of atmospheric optical thickness the account of non-
radiative convective processes of energy transfer in the lower atmosphere does not vio-
late the validity of Eddington's approximation for description of radiative transfer in the
atmosphere. Non-radiative convective fluxes in the atmosphere propagate till a finite
height, which is independent of atmospheric optical thickness at large values of the latter.
Relative contribution of the dissipative power of non-radiative convective energy fluxes
into formation of the outgoing flux of thermal radiation diminishes linearly with growing
optical thickness of the atmosphere.
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IMoxkazaHo, 4To NpH GONBIINX 3HAYCHUAX ONTHUCCKON TONMLUMHBI atMochepnl yder
HepaJKalMOHHBIX KOHREKTHEHLIX MOTOKOB SHEPTHH HE HAPYINAET CNPaBeJIMBOCTH NPH-
OnkeHUA DMAMHITOHA 1A Beedl atMocdeprl. Bricora pacnpocTpaHeHus HepaaualiioH-
HBIX KOHBEKTHBHBEIX MOTOKOB SHEPTHH B aTMOcQEpe CTPEMMTCH K KOHEUHOMY Hpefeny
NpH YBENMUYEHHMH ONTHYEeCKOH TONMIUHEL arMocdepsl. Brnan MoIHocTH AMcCHMALMH
HEPaAnailHOHHBIX KOHBEKTHBHBIX MOTOKOB B (POpMHUpOBaHMe YXOIIIEH B KOCMOC JHEp-
I'MH TEMJIOBOTO UNIYYEHHA JHHEHHO YMEHBILAeTCsd C pOCTOM ONTHYECKOH TOJNIIMHE aT-
mocdepn.
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1 Introduction

Investigating the nature of thermal stability of the Earth’s climate, currently exposed to
globally significant anthropogenic forcing, represents an important problem. Will the
increasing atmospheric CQ, concentration drive the climate to an clevated yet stable
value of global mean surface temperature, or there is a probability of climate stability
broken and terrestrial climate driven to a state unsuitable for life existence. Scientific
answers to these questions are strongly dependent on how the outgoing flux of thermal
radiation into space changes in response to changes in atmospheric concentrations of
greenhouse substances.

Greenhouse substances in the atmosphere (among which water vapour, clouds and
carbon dioxide are the major ones) are responsible for resonance absorption of thermal
radiation emitted from the Earth’s surface, They further re-emit it approximately isot-
ropically into the upper and lower hemispheres, thus returning some part of thermal ra-
diation back to the surface. Thus, the upward flux of thermal radiation F*(z) | Wm™)
1s maximum at the surface and decreases with atmospheric altitude z, coinciding with
the absorbed flux of solar radiation F, outside the atmosphere, F, = F*(z=w)=F, . At

the Earth’s surface the upward flux of thermal radiation F'=F*(z=0) is related to
surface temperature 7, by the well-known Stephen-Boltzmann formula for the black
body, F" =0T.". The increase of the upward flux of thermal radiation at the surface Fr
as compared to the outgoing flux of thermal radiation into space F, quantifies the magni-
tude of the greenhouse effect. .

The number of molecules of a given greenhouse substance in the atmospheric col-
umn of an area equal to the cross-section of absorption of thermal radiation by this green-
house substance is called the optical thickness of the atmosphere 7_. It is equal to the
total number in the atmosphere of layers of this greenhouse substance that are distanced
from each other by average free path length of thermal photons. Optical depth 7 at
height z is determined as the number of such layers above z:

T d T d7
T= J_ , .= l-—,
2 (2 2 1(2)
where /(z) is the average free path length of thermal photons at height z,

(1.1)

i(z)=(EN(2))", Z is the molar cross-section of absorption of thermal photons by one
mole of the greenhouse substance (X = ¢, A, where o, 1s the molecular cross-section,
A 1s the Avogadro number), N(z) is the molar concentration of this substance at

height z. Thermal radiation escaping into space originates predominantly from the upper
radiative layer of the atmosphere corresponding to optical depth 7 ~1, which is dis-
tanced from the outer space by one free path length of thermal photons.
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In the absence of non-radiative energy fluxes in the atmosphere (the so-called state
of radiative equilibrium) the ratic "/ F,, i.e. the magnitude of the greenhouse effect, is
linearly dependent on the optical thickness of the atmosphere 7, :

F'/F =1+kt_, (1.2)
where & is an approximately constant magnitude, which changes by no more than 15%
with T changing from zero to infinity. In particular, for 7, > 1 we have k£ =3/4 . In such
a case (1.2) corresponds to the well-known Eddington’s approximation [1,2]. In Section 2
we present a somewhat different from conventional derivation of Eq. (1.2) from the ra-
diative transfer equation.

In accordance with Clausius-Clapeyron equation, the amount of water vapour in the
atmosphere grows exponentially with increasing surface temperature, rising approxi-
mately twofold per each ten degrees of surface temperature increment. Taking into ac-
count the related increase in cloudiness, which absorbs thermal radiation rather evenly
over the whole thermal spectrum, this corresponds to an exponential decline of the outgo-
ing flux of thermal radiation F, and further heating of the planet’s surface at F, < F, .
Such a situation is commonly referred to as a runaway greenhouse effect. The described
positive feedback between the rise in surface temperature and atmospheric water content
may lead to the loss of thermal stability of climate,

In the atmosphere the absorbed solar energy generates non-radiative convective
fluxes of latent and sensible energy, which could in principle significantly perturb the
above radiative equilibrium pattern of atmospheric energy transfer. While propagating in
the atmosphere, these non-radiative fluxes undergo dissipation and ultimately convert
into outgoing thermal radiation. The dissipative power of non-radiative energy fluxes in
both stationary and non-stationary cases may not exceed the power of absorbed solar
radiation F;, . In the modern atmosphere the dissipative power of non-radiative fluxes of

latent and sensible energy does not exceed 27% of F, [3,4].

One can imagine a situation when a certain finite amount of energy of the non-
radiative fluxes dissipates in the upper radiative layer of the atmosphere 7 ~ 1 irrespec-
tive of the magnitude of the atmospheric optical thickness 7, . If this were be the case,
the outgoing flux of thermal radiation into space F, would not diminish exponentially
with growing T, but reached a finite plateau determined by the value of non-radiative
dissipative power at 7 ~ 1. In such a case it would be possible to discuss climate change
in terms of transitions between different stable values of surface temperature, stable shift
of climatic zones etc. At any value of surface temperature T, the outgoing flux of
thermal radiation into space would be equal to sum of the radiative component
decreasing with 7 in accordance with Eddington’s approximation (1.2) and constant
convective component representing dissipation of dynamic energy into thermal radiation
at the upper radiative layer © ~ 1. The latter would be complementing the former, so that
their sum could be made equal to the absorbed flux of thermal radiation F, .
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In Section 3 we show that in a gaseous atmosphere in a gravitational field the
height z, of convective zone is independent of 7 at 7, >> 1. This means that the optical
depth corresponding to this height, 7_{z_), increases proportionally to atmospheric opti-
cal thickness, 7,(z,) <7, at T, —> 0. With increasing surface temperature T, the ratio
F!/F, of the upward flux of thermal radiation at the surface to the absorbed flux of
solar radiation grow as well. The dissipative power of convective energy fluxes F.
which is limited by the absorbed flux of solar radiation F,_, F, < F,, does not surpass
optical depth 7, which increases with growing 7, . This means that the ratio of radiative
to non-radiative energy fluxes F*/F, within the convective zone increases proportion-
ally to 7,. The perturbation of radiative equilibrium by non-radiative energy fluxes di-
minishes and the upward flux of thermal radiation in the atmosphere determined by Ed-
dington’s approximation becomes the dominant form of energy transport in the atmos-
phere. The outgoing flux of thermal radiation tends therefore to zero with increasing.7,
and does not reach a constant plateau.

The above statements are based on analysis of general properties of radiative transfer
in a gaseous atmosphere in the gravitational field, the details of which are given in Sec-

tion 3. At any height z the upward flux of thermal radiation F* in a given interval of
wave lengths can be related to the so-called brightness temperature 7,, which is equal to

temperature of a black body radiator emitting the same flux of radiation F* within this
interval. Brightness temperature characterises energy density of thermal radiation and the
population number of the excited levels of the absorption bands of greenhouse sub-
stances, which is in thermal equilibrium with radiation at large values of optical depth 7.
At the Earth’s surface the brightness temperature of all radiation frequencies approxi-
mately coincides with surface temperature T, as thermal radiation of the Earth’s surface
is close to that of a black body. As well as the upward flux of thermal radiation F*,
brightness temperature 7, drops with height, so that there appears a negative vertical
gradient of brightness temperature 0> dT, /dz = —G, . Everywhere below we use the no-
tion of lapse rate to denote the absolute magnitude of negative temperature gradients.

Inelastic collisions of air molecules with molecules of greenhouse substances bring
about additional non-radiative non-resonance excitation of energy levels of the absorp-
tion bands of the greenhouse substances, which further relax to the ground state emitting
thermal photons. Thus, the energy of thermal motion of air molecules escapes into radia-
tion and, ultimately, into space. As a result, the air temperature drops and a negative ver-
tical temperature gradient 0> d7T /dz =—G is formed in the atmosphere. At the Earth’s
surface both temperatures, 7, and T, coincide with temperature of the Earth’s
surface T, which is the single scale of all temperatures in the atmosphere.

Brightness temperature 7, is a function of optical depth 7 and atmospheric optical

thickness 7. According to Eddington’s approximation, at large values of 7, 27 >>1
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brightness temperature becomes the function of ratio 7/, only. The condition of hydro-
static equilibrium in the well-mixed atmosphere of the Earth's type corresponds to the
equality /1t = p/p_, where p/p,_ is the ratio of atmospheric pressure at optical depth
7 and at the surface. This ratio is a function of ratio z/h , where h =RT, /Mg is the
height of a homogeneous atmosphere representing the single scale of height z in the
considered problem, R is the gas constant, M is the molar mass of air, g is the accel-
eration of gravity. We thus have T, =7, f(z/h ). The lapse rate of brightness tempera-
ture becomes G, = (T, /h)f(z/h ), where T,/h, =Mg/R is a T - and T, -independent
magnitude.

Due to collisional conversion of non-radiative to radiative energy in the lower at-
mosphere, the lapse rate of air temperature G may be close to the lapse rate of bright-
ness temperature G, and never exceeds it. Convective energy fluxes exist in that part of
the atmosphere 0 <z <z, , where G, is larger than some threshold value T' correspond-
ing to the advent of convection. The threshold value of I'= (T, /k ), @ =const, is de-
termined by the same scale T, /h,_as G, [5,6]. As far as function f(x) and its derivative
f(x) both decrease monotonously with x, convective processes are confined to the
height interval 0<z<¢z, , where the height of convective zone z_ is determined from
equation f'(z,/h)=a. It yields z, =h g(a), where @(x) is the reverse function of
F'(x). Thus, the ratio z,/k, is a magnitude independent of atmospheric optical thick-
ness 7, while optical depth 7_ corresponding to z, grows linearly with 7, . Therefore,
with increasing optical thickness of the atmosphere, 7, — oo, the outgoing flux of ther-
mal radiation into space F, changes in accordance with Eddington’s approximation (1.2)

and may not reach a finite plateau. In Sections 3 and 4 we show that the results obtained
are valid for both non-condensable greenhouse substances (like CO,) with constant mass
fraction, as well as for condensable greenhouse substances (water vapour), with mass
fraction strongly dependent on height z.

In an isothermal atmosphere water vapour can be saturated only immediately above
the water surface, z=0, where its concentration is determined by the Clausius-
Clapeyron equation. Water vapour concentration drops exponentially with height, so that
vapour becomes unsaturated. However, in the presence of an air temperature lapse rate
G exceeding certain critical value T, prescribed by molecular properties of water, water
vapour may remain saturated in the entire atmospheric column. In such a case the de-
crease of water vapour concentration with height is no longer governed by the equation
of hydrostatic equilibrium, but is determined by how rapidly air temperature drops with
height.

As already noted, thermal radiation into space is predominantly emitted from the up-
per radiative layer 7 ~1. In accordance with definition of optical depth 7 (1.1), the
amount of water vapour in this Jayer is constant and independent of the magnitudes of
upward thermal radiation flux at the surface F' and surface temperature 7,. On the
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other hand, the amount of saturated water vapour is uniquely related to air temperature.
Consequently, constant amount of water vapour in the layer 7 ~1 corresponds to con-
stant air temperature 7, = T(t =1) of this layer. Under the assumption of local thermo-
dynamic equilibriumn for this layer, the outgoing flux of thermal radiation within the ab-

sorption interval of water vapour F, , equals of, fﬁﬁzo, where &, is the share of

thermal flux within the absorption interval of water vapour. As far as T, is constant, this
flux remains constant as well and does not depend on surface concentration of water
vapour which grows exponentially with increasing surface temperature 7, . This result,
obtained in a number of radiative-convective models, see, e.g. [2,7], stands in contradic-
tion with the above general conclusion on exponential drop of F,, , with increasing 7,
(Section 3). The source of this contradiction is the assumption of local thermodynamic
equilibrium, which, as discussed in Section 4, appears unjustified for the upper atmos-
phere, including 7 ~ 1, at large _.

We sum up that under conditions similar to terrestrial ones in that there are convec-
tive fluxes of energy, non-condensable (CO;) and condensable (H,() greenhouse sub-
stance present in the atmosphere and an infinite liquid hydrosphere at its base, the ratio
between the outgoing flux of thermal radiation into space F, to the upward flux of ther-
mal radiation at the Earth’s surface F,” decreases inversely proportionally to the atmos-
pheric optical thickness 7, at 7, >>1. Taking into account the exponential rise of the
atmospheric content of water vapour with increasing surface temperature and the related
increase in atmospheric clondiness which “closes” the atmospheric windows, we con-
clude that the absolute value of the outgoing flux of thermal radiation F, drops exponen-
tially with increasing surface temperature leading, in the absence of independent negative
feedback processes, to the runaway greenhouse effect.

2 Radiative transfer equation and Eddington’s approximation

In the planar three-dimensional case, which corresponds to global averaging over longi-
tude and latitude, the equation for transfer of radiation of a given wave length can be
written as [1,2]: :
al{,z) 1 5(z)

E» = i(z)f(ﬂ,Z)'fm. 2.1
Here I{u,z) is the intensity of radiation, defined as the energy transported per unit time
in a given direction through unit perpendicular area at height z by a bundle of rays
propagating within a unit solid angle, when the solid angle where measurements are
taken tends to zero {8], dimension [W m™sr™']; {(z), as before, see (1.1), is the average
free path length of photons; i is the cosine between the given direction and the vertical

axis z: S{z)}/l(z) is the density of radiative power per unit volume. Function S(z),

u

called source function, is assumed to be isotropic, i.e. i -independent.
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The first term in the right-hand side of (2.1) describes absorption of radiation in the
corresponding volume, the second one describes emission of radiation within the same
volume. Eq. (2.1) represents the law of energy conservation: change in the energy of the
ray, d/(4,z), as the ray travels path ds=0az/u, is equal to the difference between the

amounts of radiation absorbed and emitted by the matter along that path. Note that the
source function S(z) accounts both for radiation emitted due to resonance excitation of

the radiating molecules during their interaction with thermal photons, as well as for ra-
diation emitted due to non-resonance collisional excitation of the radiating molecules.
According to (2.1), in free space, where both absorption (/(z) =< ) and emission

(S(z)=0) are absent, the intensity should remain constant along the path of any ray.
This is indeed the case if the intensity /(u,z) is defined, as above, as the mathematical

limit for an infinitely small solid angle ([8], p. 72). If the intensity is defined for any fi-
nite unit of solid angle (see, e.g., [2], p. 16), Eq. (2.1) does not hold for free space. (This
- can be easily shown on the example of the point source of radiation, for which the flux of
energy through a finite solid angle decreases as the bundle of emitted rays diverges in
space. Due to this fact planets located at a different distance from the Sun receive differ-
ent insulation fluxes.) As far as all physical measurements are characterised by finite
sensitivity, the intensity (2.1), defined for an infinitely small solid angle, appears to be a
variable that cannot be measured directly. Measurable values are those obtained by inte-
grating (2.1) over solid angle, which, in the planar case considered, corresponds to inte-
grating over (.

Changing variables in (2.1) from altitude z to optical depth 7 as prescribed by (1.1)
we obtain the following conventional form of the radiative transfer equation (2.1):

uﬁ%”—’= 1) - S() 22)
S(7) = 1(0,7). 2.3)

Eq. (2.3) is obtained when one puts i =0 in (2.2).
Integrating (2.2) over u we use the traditional convenient notations [1]:

J(@y=J" @)+ (1), H(Tmy=H(t)-H (1), (2.4)

r@=fiund @=1[iwod, @5)
1 1

H'@)=2Julundy, B @)=~ [ul@ods. 26)

Variables J(t) and H(t) correspond to energy density E=4xf /¢ [J m~] and energy
flux F=4rH [Wm™], where ¢ is velocity of li ght. Superscripts + and - refer to radia-

tion propagating into the upper and lower hemispheres, respectively.
Calculating T -derivatives of both sides of all the relations in (2.5) and (2.6) and
using (2.2) we obtain:

505



aH (T)zi[J*(‘r)—%S(r)], Q.7
di‘;f) = J(1)— S(1), (2.8)
Ay _1idy _

= 2_[;1(“”’” S()). 2.9)

Equation (2.9) shows that the important relation (2.3) is necessary for the measurable
value of dJ(t)/dt to be finite. If relation (2.3) does not hold, the 7 -derivative of radia-

tive energy density would be infinite at all 7, which is physically implausible. This
stresses that source function S(z) is prescribed by the value of intensity 7(0,7), see

(2.3), and cannot be introduced as an independent external field.

We now consider the case of radiative equilibrium, when the non-radiative fluxes of
excitation of the greenhouse substance molecules are absent, and the source function is
determined by resonance radiative excitation only. In such a case all radiation emitted
equals all radiation absorbed, so that the following equalities hold:

S(ty=J(1), (2.10)

d‘r;?)=0, H(t)= H(r =0)= H = const, 2.11)

H@) ~bro-rol 2.12)
dar

The constant value of H (2.11) represents the net flux of thermal radiation, which coin-
cides with the cutgoing flux of thermal radiation at 7 =0. This corresponds to the foi-
lowing boundary conditions [1,9]:
H*(0)=H, H™(0)=0, TN =+3H, J(=0. (2.13)
The flux of resonance radiative excitation of molecules increases with growing 7 due to
the increasing energy density of thermal radiation. One can assume therefore that at large
values of 7 >>1 the intensity I(,7) becomes an almost isotropic function only weakly
depending on g [1]. This allows one to replace [(y,7) for {0, 7)=J(7), see (2.3), in
all integrals of (2.5) and (2.6). Then, performjng integration over & mn (2.5), we obtain:
J (‘C)
2

JHr)= H* ('L’)— J (). (2.14)

Now, we multiply Eq. (2.2) by u# and mtegrate both parts of this equation over ft, put-
ting J(u,7)=I1(0,1)=J(z) in the left-hand side of (2.2) but using definition

1
H E%_{pﬂ(u,r)dﬂ in the rght-hand side of (2.2) (this integral equals zero at
-1

1(4,7)=I(0,7) ). We then obtain (1/3)dJ/(t)/dt=H and J(r)=3H7 + ¢, . Finally, for
the asymptote f(v)=H ' (1)/H=H"(7)/H"(0) we have f(1)=(3/4)t+c, at T>>1.
The constant ¢, #c¢, /4, as far as relation H (1) =(1/4)J(r) is only valid for the lead-
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ing, i.e. 7 -linear, term. At small 7 — 0 we have f(t — 0)=1. Thus, for all values of 7
one can put approximately )
3
_ 4"
Relation (2.15) exactly corresponds to Eddington’s approximation, which assumes
¢; =2 [1]. One can directly check it putting J(T)y=J,(t)=3H(T+2/3), which is the
common form of Eddington’s approximation (see [1], Eq. (82.13)), into the integral of
Schwarzschild-Milne type defining H* () in terms of J(r) [1,9]:

H%T)E%deﬂje:".!(f—i-p)c)dx. (2.16)

fF@)=1+k7, k= (2.15)

Hopf [10]} obtained the constant term in the asymptotic expression for energy density
J(t) at T—>eo: J(T)=3H(T+q(1)), where (1) is the so-called Hopf function,
q(r)=0.?]0+o((l!r)lnr) at  T-—>eo. Putting the asymptotic expression
J(7)=3H (7 +0.710) into (2.16) one obtains for the asymptote of H7(7) at 7 >>1 that
H*(1) = H{(3/4)t +1.033), ¢, =1.033.

Formally, Eddington’s approximation (2.15) is valid for 7>>1 and 7 — 0. How-
ever, at T>>1 the constant term in (2.15) differs from the asymptotic constant
¢y =1.033 by only 3.3%. On the other hand, at 7 <<1 one has from (2.12) and (2.13)
f()=1+(3/4)""7) [1,9] and the linear term in (2.15) appears to be proportional to
(3/4)""* rather than to Eddington’s 3/4 . However, transition between the two approxi-
mations, from k =(3/4)""* to k =3/4 (2.15), occurs approximately at 7 ~ 0.3 [9], where
the difference between f(7) values obtained from the two approximations does not ex-

ceed several per cent. At smaller T the difference between the two approximations re-
mains similarly small due to decrease of the linear term in (2.15). One concludes there-
fore that Eddington’s approximation (2.15) remains valid to the accuracy of several per
cent for all values of 7, 0 <7 < oo The derivative of f(7) over T, which is determined
by the linear term in (2.15), contains a maximum maccuracy of 15%, which takes place
at 7<0.3.

3 Height of convection in an atmosphere with non-condensable
greenhouse substances

In the previous section we showed that in the state of radiative equilibrium (absence of
non-radiative energy fluxes) the dependence between the upward fluxes of thermal radia-

tion into space, F, = F*(7 =0), and at optical depth 7 in the atmosphere, F*(t), in the
spectral interval of resonance absorption of thermal radiation by atmospheric greenhouse
substances conforms accurately to Eddington’s approximation (2.15);
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F*(1y=F.(1+kT), k:%; Fr@)=F,(1+kt,). G.1)

Optical depth 7 is unambiguously related to height z by Eq. (1.1). Brightness tempera-
ture 7, at height z in a given spectral interval AA by definition is obtained from the
following equality:

A
F'(1) = [LQAT)dA=8,0T;,  F' =8,0T}; (3.2)
&

TIP(A,T;)dAEoT;, 3.6, =1, (3.3)
0 A

where ¢ is the Stephen-Boltzmann constant, 7,(A,7,) is Planck’s distribution, §,, is

the relative share of thermal radiation within spectral interval AA in the total blackbody
radiation of temperature T,. We assume J,, to be independent of temperature, neglect-
ing the slow logarithmic broadening of absorption intervals with increasing temperature
and taking into account the small relative change of temperature in the zone of convec-
tion of the modern atmosphere of Earth. As we show below, see (3.18), the relative
change of temperature within the zone of convection remains small at large values of
atmospheric optical thickness as well.

Brightness temperature 7, (3.2) characterises thermal radiation within a local vol-
ume. At large values of optical depth, 7 21, the local flux of thermal radiation into the
upper hemisphere F* is formed due to emission of thermal photons by molecules within
the same local volume. In such a case the population numbers n of the excited absorp-
tion bands of the greenhouse substances are related to brightness temperature 7, as

n=n,exp(—e/RT,), where ¢ is the molar energy of the excited levels of the absorption
bands, n, is concentration of the corresponding greenhouse substances. At T <1 the

upward flux of thermal radiation F” is formed in the local volume comesponding to
721 and significantly exceeds the local flux of radiation emitted by greenhouse sub-
stances. Thus the real temperature characterising population numbers n appears to be
lower than the brightness temperature defined as in (3.2). However, for the modemn at-
mosphere this inaccuracy can be safely neglected in the consideration of convective pro-
cesses, as far as the zone of convection in the modern atmosphere correspond to T 21,
see below.

At any height local air temperature T is higher than brightness temperature 7, . The

drop of air temperature observed in the troposphere means that there exist upward non-
radiative fluxes of energy, not necessarily convective. The energy of such fluxes must be
ultimately converted into energy of thermal radiation. If this is not the case, 1.e. if the
energy of non-radiative fluxes dissipate simply into the energy of thermal motion of air
molecules, thus heating the atmosphere, the vertical temperature gradient ultimately dis-
appears. It is the continuous pumping of thermal energy of molecular motion into thermal
radiation, which allows the dissipated heat to leave into space and thus prevents air tem-
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perature from becoming uniform at all heights. As far as energy may not be transmitted
from a cooler object to the hotter one, such a pumping is only possible if the local air
temperature 7 is higher than the brightness temperature 7, characterising population

numbers of the excited energy levels of the absorption bands of the greenhouse sub-
stances: T >T7, . Brightness temperature may not be exactly equal to air temperature,

Exact equality among the two temperatures corresponds to thermodynamic equilibrium
between matter and radiation (as, for example, takes place in an enclosure with a small
itole), when there is no net conversion from one type of energy (thermal motion of mole-
cules} to another (thermal radiation) and, consequently, no temperature gradient. How-
ever, the difference between brightness temperature and air temperature may be rela-
tively small as compared to some other thermal characteristics of the problem. Such a
situation corresponds to approximate local thermodynamic equilibrium,

Using (3.1) and (3.2) we obtain the following expression of brightness temperature
T, =T,(z) interms of optical depth 7 =17(z): '

if4
R:T{Hkr] . (3.4

l+kt,

As is clear from (3.4), brightness temperature is at its maximum at the Earth’s surface,
where it coincides with T,, and decreases monotonously with growing height z due to
monotonous decrease of 7(z) (1.1). The lapse rate G, of brightness temperature (abso-
lute magnitude of the negative temperature gradient) is maximum at the surface and de-
creases monotonously down to zero with growing z (diminishing 7 ).

In the course of inelastic collisions between air molecules and molecules of green-
house substances, the kinetic energy of thermal motion of molecules is partially trans-
mitted to excited energy levels of absorption bands of the greenhouse substances. This
results in a drop of air temperature and appearance of a negative vertical gradient of air
temperature, which necessarily brings about non-radiative fluxes of energy. Collisional
mteraction not only diminish the air temperature, but also increase brightness tempera-
ture, which, however, remains lower than air temperature at all heights, as discussed
above. Thus, (3.4) can be viewed as giving the lower limit of brightness temperature at
2>0. As far as brightness and air temperatures coincide at the surface, T, =T, , while at

72>0 we have T >T,, the lapse rate of air temperature does not exceed that of bright-
ness temperature, G <G, , at any height z20.

When atmospheric concentrations of greenhouse substances and, consequently, opti-
cal thickness of the atmosphere 7, are low, the vertical non-radiative flux of energy is
dictated by molecular diffusion and heat conductivity of air. As far as heat conductivity
of air is very low, this flux is low as well, so that lapse rates of brightness temperature
and air temperature at the Earth’s surface practically coincide, G, =G, .

When concentrations of greenhouse substances and optical thickness of the atrnos-
phere increase, the lapse rates of brightness temperature and air temperature at the sur-
face, G, =G, , increase as well. As soon as the lapse rate of air temperature reaches
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some critical threshold value T", which is dictated by properties of air and gravitational
field of the planet, the atmosphere becomes convectively unstable and vertical convective
processes set in. The non-radiative flux transporting latent and sensible energy rises then
abruptly by 10*-10° times as compared to the non-radiative flux maintained by air con-
ductivity in the absence of convection. This abrupt change corresponds to transition from
molecular to eddy diffusion processes in the atmosphere [6,11]. Convection is switched
on at the Earth’s surface when the optical thickness of the atmosphere 7,, which plays

the role of the so-called parameter of order of the considered problem, reaches a certain
critical value 7, ., when G, =T'. With increasing 7, >7,_ the zone of convection,

where G, > T, spreads upwards till yet larger and larger heights z= z_, that are obtained
from the equation G,(z,)2G(z,)=T.
The gaseous atmosphere in the gravitational field of Earth approximately conforms
to the condition of hydrostatic equilibrium and the equation of state for atmospheric air:
P _wng,  p=wrr, Po_p KT 3.5)
dz dz h Mg

where p, N and T are pressure, molar concentration and temperature of air at height
z, M =29gmole™ is air molar mass assumed to be independent of height z in accor-

dance with observations, R=8.3Jmole™ K™ is gas constant, g =9.8ms™ is accelera-
tion of gravity. Using (3.5) and (1.1) we obtain;

r.z, (3.6)
7, P
where low index s refers to values at the Earth’s surface, Relation (3.6) is valid for all
gases with constant mass fraction, in particular, for non-condensable greenhouse sub-
stances like CO,. Due to the observed constant molar mass of air, the ratio p/ p, in (3.6)
1s equal to the corresponding ratio of partial pressures of such gases. Condensable green-
house substances are considered in the next section.
We now derive the following relations from (3.5) and (1.1):

lzﬁ, L [,=i. hj—ﬁ— 3.7
T Mg T, Mg
where [ =I(z).
Using (1.1) we calculate the lapse rate of brightness temperature from (3.4):
G, = a1, _1 k L , I=I(z). (3.8)

T odr A+kT)Q+kt)
Substituting / (3.7) into (3.8) we obtain:

G, =G,.2,, e %—%&856Kk
kt T

= Ty 3.9
% A+kr)(Q+kt ) T 39)
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In (3.9) we express lapse rate of brightness temperature G, as a product of dimensionless
vartable ¢, and dimensional constant G, . As far as 7 <7, see (1.1),and T <T,, we
have @, <i. The fundamental value of G, is a convenient scale for representing any
temperature lapse rates G, in the form of dimensionless variables &, =G, /G, .

As follows from (3.4) and (3.9), brightness temperature 7, and its lapse rate G, are
maximum at the surface. As already noted, G < G, at all heights, so that G_,_ represents
a limiting value for both lapse rate of brightness temperature G, and that of air tempera-

ture (.
For lapse rate of brightness temperature at the surface G,, we have:

Gou = Gl @, = 141::;:, .
As 1s clear from (3.10), G,, reaches its maximum value of G at 7, — e=. Schwarzschild
[12] noted that G, (3.9) is smaller than the so-called dry air adiabatic lapse rate, which
for Earth equals I, =9.8 K km™ . This is sometimes interpreted as a contradiction [11],
if one considers T, as the value determining the onset of convection. If so, according to (3.10)
the atmosphere would have been stable to convection, which is not the case. However,

convection in the terrestrial atmosphere exists at the observed lapse rate T'=6.5Kkm™,
which is smaller than both I, and G, , =G o, @ =0.77. This value of T" can be

viewed as the critical lapse rate for the advent of convection in the terrestrial atmosphere.
The condition I'< G, implied by (3.10} is therefore fulfilled in the terrestrial atmos-
phere. '

According to (3.10), lapse rate of brightness temperature at the surface G,, reaches
the value of the observed convective lapse rate, G, =G =T, at k7, =3.4. At k=3/4
o = 4.5, Fig. 1. This value of 7, is sufficiently large for Ed-
dington’s approximation (2.15) to be accurate, so that use of k=3/4 is valid when de-
termining T, .

Convection exists in that part of the atmosphere where air temperature lapse rate &
exceeds the critical value I, G >T [6]. As discussed above, the lapse rate of air tem-
perature never exceeds the lapse rate of brightness temperature, G < G, . Therefore, the

(3.10)

this corresponds to T, =7

height of the zone of convection does not exceed height z_, where the diminishing lapse

rate of brightness temperature reaches the critical value I". The value of z_ can be found

by solving equation G,(z.)=T or a,(z,) =0, where G,(z) is determined by (3.9).
This statement is independent of the degree of similarity between T and T,, ie. is

independent of the assumption of local thermodynamic equilibrium. Collisional interac-
tion between air molecules and molecules of greenhouse substances diminishes the dif-
ference between brightness temperature and air temperature, as well as the difference
between their vertical gradients. Within the zone of convection, z < z,, the lapse rate of
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air temperature G is confined between G, and ', G, >G 2T . Eq. (3.9) defines the
maximum lapse rate of brightness temperature G,, which is observed in the case of ra-
diative equilibrium, i.c. in the absence of collisional excitation of molecules of green-
house substances. In the reality, collisional excitation of molecules of greenhouse sub-
stances diminishes the lapse rate of brightness temperature G, , driving G, and G closer
to each other. Value of z, obtained from solving equation G,(z.)=T with use of (3.9)
can be thus viewed as an upper limit of the real height of convective zone. The obtained
estimate of z, becomes more and more accurate with growing 7. due to the fact that the
dissipative power of non-radiative energy fluxes and, consequently, collisional excitation
of molecules of greenhouse substances, are both limited by the absorbed solar radiation,
which remains constant, while the upward flux of thermal radiation that determines
brightness temperature grows infinitely with increasing 7, .

Within the zone of convection z < z_, air temperature is determined by the observed
convective lapse rate, & = I", which is approximately constant;

T=T,-Tz=T|1-22 |, r=c_a, G_=—>, a=077. @GN
4h, 4h,

At z>z, there is no convection, and Eq. (3.11) may not be used for description of air
temperature. All formulae derived with use of (3.11) are valid for z < z_ only.

With an account made for the observed drop of air temperature with height (3.11),
the vertical distribution of air pressure in the atmosphere under condition of hydrostatic
equilibriam (3.5) assumes the form

4
o
p=p{1—zé) , z<z,. (3.12)
Using (3.6) we have
4la i
az T _p oz
T=7|1-——| ; —===|1-—=] , <z,. 3.13
{ 4hj) ) ( 4hsJ ‘ G-13)
Equating o, (z) (3.9) and the observed value of & we obtain:
ke LA (3.14)

(+k0)*A+ks )™ T
Variables 7 and T in (3.14) are related to height z by Egs. (3.13) and (3.11), Tespec-
tively. Eq. (3.14) determines the maximum height of convective zone z= z, at different
values of atmospheric optical thickness 7_, Fig. 1. The dependencies of brightness tem-
perature 7,(z) on height z at different values of atmospheric optical thickness 7, (3.4),
{3.13), as well as the dependence of air temperature 7(z) on height 7z (3.11) are shown

in Fig. 2. As far as the observed convective lapse rate corresponds to o = 0.77, which is
close to the maximum value of o =1, brightness and air temperatures remain close to
each other within the convective zone, z < z,, Fig. 2.
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Figure 1: Lapse rate of brightness temperature G, versus height z for different values of
atmospheric optical thickness 7, of non-condensable greenhouse substances, see (3.9),
(3.11). The corresponding values of 7, are shown below each curve; h, = RT, /Mg , see
(3.7). The upper dashed line denotes maximum lapse rate G, =Mg/4R, the lower

dashed line denotes the observed modern lapse rate of air temperature within the zone of
convection, I'=0.77G,_, =6.5Kkm™. The beight z, of the zone of convection for dif-

ferent values of 7, is determined by the points of intersection of the curves G,(z) with
the straight line I"=0.77G__ , that are denoted by empty circles, see (3.14). The value of
Zoow = 3.03R,, see (3.17), corresponds to the maximum height of convective zone ob-
served at 7>>1. As far as Eq. (3.11) is valid at z < z,, parts of curves G,(z) at z>z,
are denoted by dots. The onset of convection in the atmosphere occurs at 7, =7, =4.5,

max *

for which z, =0. Fig. 1 is invariant with respect to changes of surface temperature 7,
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Figure 2: Dependence of brightness temperature 7,(z) on height z, see (3.4), (3.13).
T, is the temperature of the Earth’s surface; k = RT, /Mg , see (3.7); the corresponding
values of 7, are shown above each curve except curves corresponding to 7, =10 and
7, =10" . These curves practically coincide and go below the curve with 7, =10°. The

upper dashed line denotes the observed lapse rate of air temperature for which @ =0.77
(IC'=0.77G,,, ), see (3.11); the lower dashed line corresponds to the maximum lapse rate

of brightness temperature G, «=1. Empty circles correspond to the height of the
convective zone z_, at which the lapse rate of brightness temperature equates the convec~
tive lapse rate, see Fig. 1. As far as (3.13) is valid at z <z, parts of curves 7,(z) at
z>z, are denoted by dots, as in Fig. 1. Fig. 2 is invariant with respect to changes of
surface temperature 7,
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At 7, >>1 Eq. (3.14) takes the following form:

114T
T
2| =g, 3.15
(T } T (3.15)

Assuming that convection may only slightly perturb the hydrostatic equilibrium of the
atmosphere, one may use relations (3.5) to obtain from (3.15):

174 T )
[pi) 7= (3.16)

The value of 7, does not enter Eq. (3.16). This equation does not contain any informa-

tion on the amount of greenhouse substances in the atmosphere. It only takes into account
the approximate condition of hydrostatic equilibrium (3.5). Putting (3.11) and (3.12) into
(3.16) we obtain the following expression for the maximum height of the zone of convec-
tion z, .. at T, >>1:
i

Z e max =4h3$(1—a'*‘ ]= 3.03k, =25 km. (3.17
The numeric value of 25 km corresponds to the modem Earth’s surface temperature
T, =288 K, see (3.7). Eq. (3.17) describes the maximum height of the zone of convec-

tion in the terrestrial atmosphere with non-condensable greenhouse substances at the only
absorbers of thermal radiation.

As far as the value of or=0.77 is close to unity, when obtaining z from Eq.

(3.16) one cannot neglect the dependence of temperature T on height z (3.11) as com-
pared to dependence of air pressure p on height z. If one considers the atmosphere as

approximately isothermal and asswmes T =7 and p= p_exp(—z/h) (see, e.g., [11]),

£

=4h, ln—l-z 1.05h, = 8.8 km, which is three times
o

the solution of (3.16) becomes z

€ max

lower than the correct value (3.17).

Minimum values of air temperature 7. =7(z,) and brightness temperature
T,.=T,(z,) at the top of the zone of convection, z, =z, at large values of atmos-
pheric optical thickness, 7, >>1, are obtained by substituting (3.17) into (3.11), and
(3.17) into (3.13) and (3.4), respectively:

[ 1
T =Ta™, T, =To==al; %=0.42, %=0.32, a=077. (3.18)

Ful )
I §

Thus, within the zone of convection both air temperature and brightness temperature
retain their order of magnitude at any values of surface temperature T, and optical thick-

ness 7,. The maximum relative difference between brightness and air temperature
reaches (1-a}x100% =20% at v, »100.
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As is clear from (3.18), brightness temperature T,, at the top of the convective zone
grows proportionally to surface temperature T, . Upward flux F* of thermal radiation at

the top of the convective zone increases therefore proportionally to T!. The dissipative

power of non-radiative convective fluxes of energy and, consequently, collisional excita-
tion of the absorption bands of greenhouse substances, are limited by the incoming flux
of solar radiation F, , which does not change with increasing 7, and T..(We note that in

the non-stationary case the absorbed flux of solar radiation F,

ing flux of thermal radiation F,, F, #F,, and also that F'/F, =1+k7, ) When the
upward flux of thermal radiation at the surface is much larger than the absorbed flux of
solar radiation, F," =0T, >> F, , convective processes are unable to significantly perturb

is not equal to the outgo-

upward fluxes of thermal radiation and brightness temperature within the convective
zone as compared to the case of radiative equilibrium. With growing 7, and 7, the radia-

tive equilibrium spreads from the stratosphere to the entire atmosphere, so that Edding-
ton’s approximation becomes valid for the entire atmosphere as well. Therefore, Egs.

(3.17) and (3.18) obtained with use of Eddington’s approximation yield at " >> F, and
7, >>1 exact values of z, 7, and 7, rather than an upper estimate of z, and lower
estimates of 7, and T..

On Venus the ratio of the upward flux of thermal radiation at the surface F." to the
outgoing flux of thermal radiation into space F, = F, equals F'/F, =98 {3]. In accor-
dance  with  Eddington’s  approximation (3.1) this  comesponds to
T, =(4/3)(F] /F,)=131>>1. Thus, Eqs. (3.17) and (3.18) can be applied to Venus with
a high accuracy. Taking for Venus h =156 km, G, =114Kkm™ (7T, =730 K,

M, =44gmole™, g=86ms™ [3,13,14]), the observed air temperature lapse rate

T'=8Kkm™ [2], we obtain for Venus a=T/ G, =0.70. Putting these values into
(3.17), we obtain the following value for the height z__ of the convective zone on Ve-
nus, z,., =30.4 km. This value agrees very well with the observed height of cloudiness
on Venus, which equals (52+53) km. From (3.18) we calculate air temperature at z,, to
be T, =318 K (44°C). '

We note that the height of convection z_ is generally less than the height of the
tropopause z,,,, z, <z, . The latter is usually defined as the point where the lapse rate

of air temperature approaches zero. As is clear from Fig. 2, the lapse rate of brightness
temperature and, consequently, lapse rate of air temperature may remain substantial for
z >z, being nevertheless smaller than the critical value T’ responsible for the presence
of convection. This effect is especially pronounced for small values of 7, ~7

see Fig. 2.

srin ?
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4 Height of convection in an atmosphere with condensable
greenhouse substances

The dependence of saturated water vapour pressure p, on temperature is described by

Clausius-Clapeyron equation (everywhere below the low index L denotes variables cor-
responding to water vapour):

T, T
Pr= Py exp{-}_{'——?}, T, =

k3

= 5300 K, (4.1)

=] [

where Q =44 KJI mole™ is the fatent heat of evaporation of one mole of water vapour.
The value of Q changes only insignificantly with temperature, decreasing by 10% when
temperature rises by 100 °C. The value of ¢ used in (4.1) corresponds to the observed

global mean surface temperature +15°C. Everywhere below it is considered to be ap-
proximately independent of temperature T .

In order to consider changes of the outgoing thermal radiation with temporal changes
in the surface temperature, it is convenient to denote as 7, and p,, the initial values of

surface temperature and pressure that correspond to the initial state of the existing ther-
mal equilibrium of the planet. Then 7 and p will be corresponding values of tempera-

ture and pressure at arbitrary moments of time ¢ and height z, while 7, and p, will be
corresponding values of temperature and pressure at the surface af an arbitrary moment
of time ¢:

p=p(z,t), T=T(z0;

p.=p0.0), T =T©n; 4.2)

Po=p00), T,=T7(00).

Generally, we will apply low index s to refer, as above, to Earth’s surface and low index
0 to refer to values corresponding to initial state of thermal equilibrium.

Relation (4.1) can be viewed as determining partial pressure of saturated water va-
pour at an arbitrary height z at an arbitrary moment of time ¢ . It is easy to see that (4.1)

conforms to the following invariance rule:

jJ'.. ]L
P EXpP| — = P, EXP| — |. 43
5 p( T‘ J 50 p[TmJ ( )

If we demand that water vapour in the atmosphere is saturated and is in hydrostatic equi-
librium, see (3.5), the corresponding lapse rate I', of air temperature at any altitude z is
obtained from (4.1):

ar _ 7

I, =—— . ' 4.4
T T (4.4)
Solution of (4.4) is
T=Te™, HL=RTL=154km.
M
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Due to the large value of temperature T, (4.1), for a relatively wide interval of surface
temperature changes I, is practically constant (independent of z) in the entire tropo-

sphere:

4
¥ 2;:—’=ozLG aLEf’, @, = ;“':0.22; [, =19Kkm™. (4.5)

L Max *
[ I3 L

As can be seen from (4.5), the lapse rate of air temperature in an equilibrium atmosphere
saturated with respect to water vapour is determined by the same dimensional combina-
tion as the maximum lapse rate G o » 528 (3.9), (3.11). The appearance of a new fempera-

ture scale 7, uniquely determines the magnitude of the dimensionless lapse rate o, , the

modern value of which appears to be approximately three times lower than the observed
value of &, see (3.11).
If the lapse rate of air temperature G=aG,, were smaller than T, =e,G

& <o, , atmospheric water vapour would be unsaturated at all heights z. In such a case
there would be no vertical fluxes of matter in the atmosphere, that is, no continuous up-
ward fluxes of evaporating water vapour and no compensating downward fluxes of pre-
cipitated water in liquid and water phases. At present G = I'=3.5T, and a=3.5¢,,.
This means the atmospheric water vapour is on average saturated, but is not in hydro-
static equilibrium, i.e. condition (3.5) for water vapour is not fulfilled. The vertical
change of water vapour pressure is not compensated by the corresponding change in the
weight of water vapour in the atmospheric column. Such a situation can be only main-
tained if there exist upward fluxes of water vapour. These fluxes form in the course of
continuous evaporation of water vapour from the hydrosphere and are compensated by
downward fluxes of precipitation that form when the water vapour condenses i the up-
per cooler layers of the atmosphere.

As can be seen from (4.5), the saturated lapse rate a, grows proportionally to the
surface temperature T,, while lapse rate « of air temperature remains constant. Thus,
with growing surface temperature T the value of o, approaches &, ¢, ~> . In the

£

result, atmospheric water vapour becomes unsaturated, evaporation and precipitation
fluxes weaken and ultimately cease completely when L.

As far as the observed lapse rate G =T of air temperature is steeper than T,
I'>T,, distribution of water vapour in the atmosphere differs from the hydrostatic
equilibrium distribution (3.5). Calculating dp, /dz with use of (4.1), we find:

dp, _ p, e

—dz——'——h‘—ﬁ, ﬁ—aﬁ—-z. (46)
Using (3.5), the dependence of T on z (3.1 1), (3.12) and (4.6) we obtain the following
approximate dependence of water vapour partial pressure p, onheight z:

<

= 4.7
4h,, @7

P = pu{] —&
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where

o, =—<, h
L TL
Note that (4.7) is formally identical to (3.12) if one substitutes & for ¢, and h for h, .

Comparing (4.7) and (3.12) we observe that

P _ (if ) (4.9)
P P

where p, and p (3.12) are air pressure at the surface and at an arbitrary height z, re-

(4.8)

h,
“ B

spectively.

As is clear from (4.9), the modern distribution of water vapour in the atmosphere is
compressed by B, =or/or,, = 3.5 times as compared to distribution of air [11]. The scale
height of water vapour distribution in the modem atmosphere equals #,, =k /8, =2.4
km, which agrees well with observations [2,11,15]. Compression of water vapour in the
modern atmosphere significantly violates hydrostatic equilibrium and brings about inten-
sive dynamic fluxes of hydrosphere evaporation, upward transport of evaporated water
and compensating downward fluxes of precipitation.

Using definition (1.1) for z,, Eq. (4.7) for p, and equation of state p, =N,RT
(3.5), we obtain the following relations:

I P 2<z7,; (4.10)
Ty P
h
!L=—}£L—, hLzﬁ-, hEE; lu=-h—“, h, ==, hsERT’ ) (4.11)
7 B Mg T, B Mg

Relations (4.6)-(4.11), where B is approximately put equal to a/e,, =3.5, is valid to

the accuracy of about 6% due to abrupt exponential drop of pressure with z caused by the
large value of B. Relations (4.10) and (4.11) for condensable greenhouse substances

appear to be identical to the corresponding relations (3.6) and (3.7) for non-condensable
greenhouse substances if one substitutes % and k, (3.7) by k, and h,, (4.9), respec-

tively, the latter being f times lower than the former. Similarly, the maximurn value of
brightness temperature lapse rate G, =T7,/4h, (3.9) becomes B times larger,
G =T 140, =G __ f=30Kkm™,

The expression for maximum height of the zone of convection determined by water
vapour, z, .. . is obtained from (3.14) by a similar substitution ¢ —e;, 7 —7, and
T, 27, where @, =0.22 (4.5), 7, is determined by (4.10) and (4.7) and temperature

T is determined by (3.11). The onset of convection in the terrestrial atmosphere due to
the greenhouse effect of water vapour occurs at 7, =0.38, Fig. 3, which is smaller

than 7, =4.5 for non-condensable greenhouse substances like CO,, Fig. 1. The idea
that due to the above discussed compression of water vapour in the modern atmosphere
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water vapour i1s more efficient with respect to switching on convection than non-
condensable absorbers like CO,, was put forward in [11].

Note that in the intervals of 7, <7, . corresponding to I'>G > I', water vapour is
already not in hydrostatic equilibrium (i.e. there are fluxes of evaporation and precipita-
tion), while atmospheric convection is still absent,

At large values of optical thickness 7, >>1 Egs. (3.17) and (3.18) retain their form
for water vapour if one substitutes 2, >k, =k /f and a > o, =a/f:

1 4 h h
Ty =M1y, —(lﬁag—a; Jz4—‘—ln£=6.3—i. (4.12)
L B o B

For the modern observed value of 8, =3.5 we have z,  =15km.

Note that Eq. (3.17), as well as Figures 1 and 2, are invariant with respect to changes
in surface temperature 7, in that at any value of 7, the result z, /h =3.03 (3.17) is

true. Eq. (4.12) and Fig. 3 are not invariant with respect to 7, as far as the compression

« max

factor f decreases proportionally to T,, see (4.8). Fig. 3 corresponds to surface tem-
perature 7, =288 K. The value of 8 reaches unity, =1, when surface temperature
increases 3.5-fold as compared to its modern value. At this point atmospheric water va-
pour becomes unsaturated within the entire convective zone and formulas (3.17)
and (4.12} coincide.

For air temperature at 7=z, we have:

T, =To e =T, X065, 4.13)
ie at T, =288 Kwehave T,, =188 K =-85°C.

In the terrestrial atmosphere atmospheric content of water vapour is strongly de-
pendent on surface temperature [16] rising approximately twofold per each ten degrees of
surface temperature increase, see (4.1). The maximum values of atmospheric optical
thickness of water vapour are therefore to be observed in the equatorial regions. In ac-
cordance with (4.12) and (4.13), in these regions one also observes minimum air tem-
peratures of the order of —80°C and, consequently, maximum height of the zone of con-
vection of the order of 15-16 km. :

Optical thickness of atmospheric water vapour 7, , as well as partial pressure of
water vapour at the Earth’s surface p, , see (4.10), increase exponentially with growing
increment of surface temperature 8 =7, - T, , see (4.3):

8 T, T,
P = Py CXP(B_} 8=T -T,, 8, Eamj" 6, =0, 4“

=18 K. (4.14)

+
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Figure 3: Lapse rate of brightness temperature G,, versus height z for different values
of atmospheric optical thickness 7, of water vapour, see (4.12). The corresponding val-
ues of 7/, are shown below each curve; scale height 4 ., = 2.4 km. The upper dashed line
denotes maximum lapse rate G, ., =G, f=30Kkm™, 8=3.5; the lower dashed line
denotes the observed modern lapse rate of air temperature within the zone of convection,
F=00,G, . =6.5Kkm™, &, =022, see (4.5). The height z,_ of the zone of convec-
tion for different values of 7, is determined by the points of intersection of the curves
G, (z) with the straight line I'=¢,G,,, (denoted as empty circles). The value of
Ziemex =0.3h,, see (4.12), corresponds to the maximum height of convective zone ob-
served at 7, >>1 and T, =288 K. The onset of convection in the atmosphere occurs at
Ty =Tiomn = 0.38, for which z, =0

521



This means that at z,, >>1, in accordance with the results obtained in the previous sec-
tions, see (2.15) and (3.1), the ratio of the outgoing flux of thermal radiation F,, to the
upward flux of thermal radiation at the surface F,! within the absorption interval of wa-
ter vapour drops exponentially with growing 8 :
fioc-l—= ! exp(—i], 6, = (18 K)- L . (4.15)
F, ) T

Ly 1'-J[.;I'l £0

The ratio of the effective brightness temperature corresponding to radiation emitted by
water vapour into space, T, , to the surface temperature T, also decreases exponentially,
although with a smaller exponent:

—Tﬁx;mex —i . (416)
T; (TLs(l) 493

Air temperature at the upper radiative layer of the atmosphere corresponding to
7, =1, T, =T(t, =1), can be obtained from (4.10), (4.3) and (4.1}

T
Yap=1, T f g._L . o (“.17)
P Puo Pu 1+-+In7,, 1+>2In7,,
T, T,

As is clear from (4.17), T, is independent of either T, or 6. This result is physically
transparent. Condition 7, =1 unambiguously determines concentration and partial pres-
sure of the greenhouse substance, see (4.10), while partial pressure of saturated water
vapour is uniquely related to temperature in accordance with Clausius-Clapeyron equa-
tion (4.1). Thus, even if one assumes that initially there exists local thermodynamic equi-
librium in the vicinity of 7, =1, i.e. that 7, =T,,, for T, =288 K, as soon as surface
temperature increases by 6 =150 K, i.e. by 1.5 times, the difference between T, and
T,, , in accordance with (4.17), will reach nearly one order of magnitude.

Moreover, the magnitude of change in the outgoing radiation flux, which is of pri-
mary interest, will be determined namely by the difference between 7, and 7, , i.e. by
the degree to which the local thermodynamic equilibrium is broken. It follows that even
at very small temperature changes the assumption of local thermodynamic equilibrium
together with the assumption that water vapour is saturated at all heights may not be used
for analysing changes in the outgoing long-wave radiation, as it will invariably yield a
constant outgoing long-wave radiation flux (2, 7, 14, 17-19].

5 Conclusions
In this paper we have shown that the height of the zone of convection in the atmosphere

with condensable and non-condensable absorbers is independent of optical thickness of
the atmosphere t, at large values of the latter. As a consequence, the accuracy of Ed-
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dington’s approximation for description of the ratio between outgoing flux of thermal
radiation F, and the upward flux of thermal radiation at the surface F increases with

growing optical thickness of the atmosphere, irrespective of what non-radiative heat
fluxes are present in the lower troposphere, including convection. This conclusion is
based on the fact that the energy of non-radiative convective heat fluxes that create dis-
tortion from radiative equilibrium in the lower atmosphere is limited by the value of the
absorbed solar radiation, On the contrary, upward radiative flux at the surface may in-
crease without bounds with growing surface temperature. Thus, with growing 7_ radia-

tive processes in the atmosphere become more and more powerful, while non-radiative
processes remain limited by the absorbed solar flux. As a result, radiative equilibrium
becomes more and more exact.

Here we summarise briefly the physics of the results obtained. According to Edding-
ton’s approximation (3.1}, brightness temperature T, (3.4) at T>>1 becomes a function

of ratio t/t;: 7,=Te(tr/r). The condition of hydrostatic equilibrium
T/7,=p/p, =®(z/h) (3.5) means. that ratio 7/7, is a function of ratio z/ k. (This

statement 1s valid for the condensable greenhouse substances as well due to the practi-
cally constant value of the compression factor 8, see Section 4). We thus obtain that

T, =T f(z/h,) is independent of atmospheric optical thickness 7,. The lapse rate of
brightness temperature G, =(7,/h,)f(z/h,)=G_ a,(z/h,), where G,. =T, /4h and
a,(z/h)=4f"(z/h,), is also a function of ratio z/h, and independent of 7, . Equating
the lapse rate of brightness temperature G, to the critical convective lapse I', which is a
constant multiple of G, , T'=0aG,, ., we obtain height z, of the convective zone from
the equation o,(z,/h,)=c. This gives z, =h.a;' (), where o;'(x) is the reverse
function of e, (x). We conclude that at 7, >>1 the height of convective zone z, 18 inde-
pendent of 7, either. Thus, independence of z., 7, and 7,_ of 7, at T, >>1 is the con-

[

sequence of Eddington’s approximation and hydrostatic equilibrium of the gaseous at-
mosphere in the gravitational field of Earth.
Optical depth t =7, at the top of the convective zone corresponds to the optical

thickness of the stratosphere. As far as the ratio z,/h, =0y () is independent of 7,
optical thickness of stratosphere 7, grows proportionally to the optical thickness of the
entire atmosphere 7, T, =7,(p./p,)=7,®(z,/h ). This means that there is no fixed
optical depth that would be attainable by convective processes at any value of 7, see
also [9], p. 304. That stratospheric optical thickness 7_ increases with growing T, means
that contribution of the dissipative power of convective processes into formation of the
outgoing flux of thermal radiation into space tends to zero at T, oo,

One could imagine a situation when a certain finite amount of energy of the non-
radiative fluxes dissipates in the upper radiative layer of the atmosphere, e.g. at 7~1,
irrespective of the magnitude of the atmospheric optical thickness T, . In such a case the
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outgoing flux of thermal radiation into space F, would not diminish with growing 7, but

reached a finite plateau determined by the value of non-radiative dissipative power at
7 ~1. In other words, convective processes would “capture” a finite part of solar radia-
tion at the surface in the form of dynamic energy and transport it till the upper radiative
layer of the atmosphere, from which it would dissipate directly into space. This “convec-
tive” part of solar energy might be then compared to planetary albedo, i.e. to the amount
of solar energy reflected by the planet. The difference between albedo and convection
dissipating at T ~ 1 is that the former leaves the planet as short-wave radiation, while the
latter ultimately dissipates into thermal long-wave radiation. However, as well as the part
of solar energy reflected by the planet, the dynamic energy of convective fluxes that dis-
sipates at the top of the atmosphere leaves into space without performing any work on
the planet’s surface or in the atmosphere and without participating in formation of tem-
perature regime at the planet’s surface. As we have shown in this paper, such a situation
is physically impossible.

On a planet with liquid hydrosphere the outgoing thermal radiation into space de-
creases exponentially with growing surface temperature. This is a consequence of an
exponential growth with surface temperature of the optical thickness of atmospheric wa-
ter vapour and cloudiness, which covers the entire thermal spectrum of terrestrial radia-
tion emitted to space.

In the case of an infinite hydrosphere, the stationary state when the outgoing thermal
radiative flux equals the flux of absorbed solar radiation is never attained by the atmos-
phere. If we start from the observed equilibrium conditions, with increasing surface tem-
perature the outgoing long-wave radiation flux will be always less than the absorbed flux
of solar radiation. The absorbed flux of solar radiation, always exceeding that of the out-
going long-wave radiation, will then be spent on generation of dynamic processes in the
atmpsphere, including flux of evaporation and latent heat transfer. Governed by radiative
processes, the decrease in the outgoing thermal flux occurs instantaneously in reaction to
increase in T,. In the meantime, the characteristic times of dissipation of dynamic proc-

esses are finite. This allows one to assume that the rate of accumulation of cloudiness in
the atmosphere will exceed the rate of precipitation. This will lead to increase in atmos-
pheric optical thickness not only in the absorption interval corresponding to water va-
pour, but over entire thermal spectrum, as far as cloudiness absorbs radiation rather
evenly over the entire thermal spectrum. Such a situation will correspond to a runaway
greenhouse effect.
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