Yang—Mills theory in 2,3,4 dimensions on the lattice

“Vacuum” state in O + 1 dimensional field theory (i.e. Quantum Mechanics)

' V(x) V(X$

This comes out from the path integral

z = /Dw(’r) exp{—/OTdT [g (Z—i)Q—I—V(aZ(T))]}

whose discretized (lattice) version is

2] [ exp{_;a [g (—_)+v<]} |
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Comes out from the Yang—Mills path integral
invariant under A, — SAMS_l + iS@uS_l:

1 4 a a
Z = /DAM(QJ) exp —4—92/d z b, F,,

" whose discretized (lattice) version is
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Z = H/dUlink exp{ — Y BTrUplag

links plaq

LI

d ! 17!
Uplaquette = U Us Ul U2

is gauge invariant. Link variables transform under gauge

U’

: transformation as
U, U, .
TR Ulink — S(z) Unnk(z — z+a)S™ (z+a)

S'S&) 1| ST'SGeHa)

link . a sa
U, =expliat" A (z+a/2)
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YM theory on the lattice [K. Wilson (1974), A. Polyakov (1974)]

Lattice-regularized partition function

Z(8) = / [ AU exp |3 p L opla T C:C:

links plaq 2Trl
—> /DAM exp (—i/dda; Tr FQV) :
293 H
5 _ 2N
a4—d962i

To pass to the continuum limit, one writes the unitary matrix belonging to a lattice link
pointing in direction p (pu = 1...d)

Ulink o . taAa _"_E
., —€xp|ia P 2
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and expands Tr (U,U,U;,U,) in a. The first non-zero term is O(a").

For example, to evaluate Tr Uy lying in the (1, 2) plane, one has to expand

o . 1, @ 2 : 1 2, a
TrU;s = Tr|( exp|iaA;|x —I—E,az cexp |[taAs | x” + a,x —|—5
: 1, @ 2 : 1 2 a
cexp |—1aA |z + 3’ "+ al| -exp|—taAs |z, x” + 5
2
(x1+a/2, x%a)
4, x! ,
Tr Uis + c.c. a
(.X'l, )C2+a/2) 'A2 AZA(x1+a, .X,'2+a/2) o Tr 1 =1 ﬁ Tr F12F12 + O(CL6)
A
x! x> > Fio = 01As — O5A; — Z[AlAQ]

(a2, x% [Do it!]
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At each lattice site there are d(d2_1)

has to sum in >

plaquettes in the positive direction, over which one
plaq’

and one has to sum over all sites of the lattice. That gives

S (ﬁ o

Tr Fu Fo + (’)(aG_d)>
sites 4N

. [Ba' 6—d
—>—/dac N TrFFu+0O(a )| =

2N
:}/B:

4—d. 2"
a dgd

d
_292 dx Tr F,F,, + ...
d

The continuum limit is obtained at a — 0, [ — oo and

( g5 = 235 = fixed, d =2,
) 95 = 25 = fixed, d = 3,
A =1exp (—12[”2
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A has the dimension on mass and gives the scale in the continuum theory [Dimensional
transmutation]. It is known from experiment. YM theory in 4d is asymptotically free, with
the ‘running coupling constant’ given by

8 11 U 1 8
= N In —, A=p |=—) exp| — :
g*(n) 3 A a 5N g?

Observables: gauge-invariant Wilson loops

1 a ,a 1 in
W;[C] = 2J_|_1TrP exp ijida:”AutJ — 2J+1TI’J (H U}] k) :

links

Expect

o <large Wilson loop > ~ exp(—m?Area) if J is half-integer (N-ality non-zero)
o < W(x)W(y) > ~ exp(—m - Separation)

2
mass: m ~ gz (2d), ~ g3 (3d), ~ A =g exp <_181ng

) (0
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Wilson's criteria of confinement: the area behaviour of the Wilson loop

—>

= wy =[] (D (U)D'(U).....) - TrP expi?{d:{;“ A%t
R links

T

A

Average (W) =exp[—V(R)T] at T — oo.
V' (R) is the potential between quark and antiquark at separation R.

The area law, W ~ exp(—o Area), means the linear rising potential:
gg in d= 2,
V(R) = o R, string tension o ~ { g3 in d =3,
A in d=4.

Expected: non-zero and equal o for all half-integer representations J, and asymptotically
zero o for all integer J's.
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@»@
1F &
@@w . . P
os | MW“’ ' The potential energy of two infinitely-heavy quarks, as
i, <7E@W function of their separation, simulated on an SU(2)
K rd lattice. The units come from setting /o = 420 MeV
1[G. Bali et al. (1995)].
¢
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Correlation function

<TU (@) TU(y) >~ exp(—m o —yl) (=< Fo e, (2) FAFL(y) > )

uv— pv
A 1 872
m = C - — eXp — .
" a %N g2

Numerically, m ~ 1400 MeV.
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Integration over the invariant group measure (Haar measure)

One has to integrate over SU(N) matrices U (parametrized by N? — 1 parameters,
called ‘Euler angles’. The integration measure must be invariant under multiplication of U
by a constant unitary matrix V' both from the left and from the right:

/dUz/d(UV) =/d(VU) [similar to /da::/d(az—l—const)]

One can define the group integrals abstractly, without writing explicitly matrix
parametrization and the explicit measure for the Euler angles:

. 1 .
/dU =1, /dU UrUl = 556!
N
/dU UaUﬁ o %Eij Gaﬁ for SU(Q)
LTI 0 for SU(N), N > 2
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ayrragrriilprise
/dU Uiy Uiy Ugy Ug,

1
_ ay gsag [ ¢j1 £j2 J1 572 aj sag [ ¢j 5i2 71 572
T N2 1 [551 03, (511 J 512 511) + 03,05, (512 05 ~ 511 512)] ’

Explicit parametrization of SU(N) matrices by N? — 1 ‘Euler angles’

SU(2), 3 parameters

U e "“*lcospy e“12sin ¢
2 p— s . .
—e "12g8in ¢ €'l cos ¢y

where the last column can be viewed as a 2d complex vector vy = (2', z%) normalized as
|zl|2 + |2%|? = 1, which defines an S* sphere. The first column is the orthogonal vector

1] 5
’Ul = € V2j.
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The group measure can be written as an integral over the S* sphere,

1
— [ dz'dz'dzdz" 5(|2' P + |77 — 1),

T2

or, explicitly in terms of three angles, as

1

27‘(’2 0

% 2m 27
d¢1 sin gbl COS gbl/ dC\411/ dC\élg (: 1)
0 0

3-sphere S7 9.0,
Exercise

Using the explicit parametrization and the explicit Haar measure, check the above general
relations for [dUU'U, [dUUTUU'U.
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SU(3), 8 parameters

We build the parametrization iteratively:

o 0
2
R, = 0 :
0O O 1
and define
e"*23 cos 0 0 e'*23 sin 6
U = S-R S, = 1222 ¢in O si —iag]—1og3 a2 0 si
3 = O3ta, 3 = —e"?2sinfsingy e cos ¢2 e 22 cos b sin ¢
—e'*21sin O cos ¢pg —e 22723 gin ¢py  €'*21 cos O cos ¢o

The last column can be viewed as a 3d complex vector v = (z', 2%, 2*) normalized to
|211% 4 |22|? + |2°|* = 1, which defines an S® sphere. The three columns are constructed
as (complexified) orts in spherical coordinates: vy ~ e,, va ~ ey, v3 ~ eg. We use part
of the freedom of choosing the orts and the angles in such a way that U3 = 13 when all
angles are set to zero.
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The measure on S° can be written as

2
= [ dz'dz'dz"dz"dz’dz’ 6 (|2 )+ |27+ |20 —1)

3
5-sphereS5 10.0.0.0,.0,
or, explicitly in terms of five angles, as
1 % % 27 21 27
3, . .
— df cos 081n9/ dos sin ¢s cos (/52/ doz21/ da22/ doos (=1).
™ Jo 0 0 0

0

The integrations limits are chosen such that the S° sphere is covered once.
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The full SU(3) Haar measure is found in the following way

1. One constructs the vielbein

. OU
OBm

such that the metric tensor is

m

e! = —4Tr (U

ouUT aU

r 3 U — SgRQ.
op™ op™

Gimn = €, =
The Haar integration measure is (as usual, if one knows the metrics)
[as:... s V/det g,
det gmn = det (e, e)) = det (e : eT> — dete-dete’ = (det e)?.

Diakonov, L-6

a m
t ) y ﬁ = 11, X712, ¢1, 21, X29, X923, ¢2, 6, m,n — ].
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2. The vielbein appears to be a block-triangle matrix:

oU 0 oS OR
U'— = RIS! —— (S3Ry) = R} (s; 3) Ry + Rl —2.
OBm 0Bm OBm OBm
The second term is nonzero for m = 1,2,3, the second term is nonzero for m =

4,5,6,7,8. The second term has a nonzero projection to t*=1%% only, hence e, =0

form = 1,2,3 and a = 4,5,6,7 Therefore, e, understood as an 8 X 8 matrix, is
block-triangle.

3. The determinant of a block-triangle matrix is a product of the determinants of the
diagonal blocks:

det e = det €3x3 det €5%5

4. Therefore, the Haar integration measure of the SU (3) group is a product of integration
measures over the spheres S°, S°:

\/det gsui) = y/det gg3 - \/det gg5 !
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5. By induction, one proves for a general SU (V) group that the invariant Haar integration
measure over the group is a product of integration measures over odd-dimensional spheres:

\/det gsu(n)y = /det ggz - ... - \/det geoN—-1 !

In particular, the SU(3) Haar measure is

vdet g = (sin ¢ cos ¢1) - (6083 0 sin 6 sin ¢, cos ¢3)
i.e. it is factorized into the product of the measures over the spheres S and S°.

Conclusions

A general SU(3) matrix can be written through 8 “Euler angles” parameterizing the
S3 % S® spheres

In general, SU(NN) can be parameterized by
N?—1 “Euler angles” on the odd-dimensional

spheres: S3 x S° x ... x §2N~1,

3-sphere S3:¢,,q1,% 5-sphereS5: 0.0.,a .0,

2’7217 722723
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Dual transformation on the lattice, SU(2)

The idea: Link variables are not gauge invariant: the plaquette variables are. Cannot we
reformulate the theory completely in terms of gauge invariant plaquette variables?
Insert a unity for every plaquette:

1 = [ [ dUpaad(Uptaq, U1U2U5UY)
plaquettes
J J
J=0,31,3,...
_ TrrT _ dp ipT _ —1pyY
V = U UU;U,. (analogueof dx—y) = o= ¢ ¢© )
s

Dim(oz, B, ) are Wigner finite-rotation matrices and depend on Euler angles «, 3, 7.
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They are (2J + 1)*-fold degenerate eigenfunctions of the angular momentum operator,

3D, = J(J+1)D,,
1 3
J = 0,—-,1, —, ...
2 2
—J<m , n<.J

They are ortho-normalized,

dU DY (U D2 (U) = ———
[ av DR wh D) = S

Integration over plaquette variables factorizes into:

TrU+ TrUT
/dUeXp g2 Y ) pl
2Tr 1

— 5mn %IQJ—I—l(ﬁ)

Diakonov, L-6
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2 harin(B) = %Il(ﬁ) T,(8),

B
Ty(B) — exp [—ZJ(JB—F 1)]

NB: continuum limit: J ~ /3 > 1!

In 2d because of the orthogonality of D-functions all plaquettes have the same J outside
the loop and the same J' inside the loop, with |J — j,| < J' < J + js where j, is the
‘color spin’ of the source along the loop. The average Wilson loop is, therefore, exactly

computable in 2d:

2 J+7s %
sy = TN, TB)  TaB))
>, T5(B)]a?
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= 9
= [T(A)e® — exp | =i+ 1) S

Y

— the needed area behavior (with the ‘Casimir’ string tension) = confinementind = 141!

a k
o,

—

5/3/\/2J+1<:\ é />5,f"/\/2.1+1

~

~ -

-«

a.p
(7Y,

T(T*T") = J(J +1)(2J + 1)

82 ) 92
o= = ¢ =2 Jal
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e
VZEJ(J+1)|a:—y|

is the Coulomb energy of a quark and an antiquark with ‘isospin’ J in 2d.

Diakonov, L-6
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3jm symbols (=~ Clebsch—Gordan coeff’s):

J3
agbs

S Ja T3 J Jy  Js3
a1 ax as by by b3

[ av pl1, (@) D2, DL, ()

6j symbols = a contraction of four 3jm’s:

Z (_1)j4+n+j5+0+j6+p Ji1 J2 I3 71 I5 716
k I m k' o —p

klmmnop
X(j4 J2 j6)<j4 Js5 jB):{jl J2 j3}
-n I p n —o m Ja  J5 Je

Diakonov, L-6
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9j symbols = a contraction of six 3jm'’s:

>

Diakonov, L-6

J1
k

J2
[

n ) (

ol

J2
[

J4
n

J5
(0]

J5
o

J8
T

j6)<j7
p q

)(

Jj3  Je
m P

J8
T

J9
S

J9
S

)

)
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k
J1
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