2d models: O(N),CP(N).

Asymptotic freedom. Restoration of symmetry.

O (N )-sigma model (or vector model) ind =1+ 1

1
Action = S = /dtdac (5(%(1)8“(1) + V(CI))) :
L/ o 2\ 2
V@) = (e -7),
® = vector in N—dimensional space

The model describes, e.g., a 1d chain of large spins that can stick in any direction in
N dimensions, with spontaneous magnetization whose direction is arbitrary. There are,
therefore, N — 1 Goldstone particles i.e. massless particles (or ‘gapless’ excitations, spin
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waves). We shall be interested in the T° — 0 limit such that

1/T°
/ d,t/d,a: — /dza:.
0
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If one neglects fluctuations of |®| one arrives to the O (V) sigma-model (n = ® /v):

Z = /Dn(zc)c?(n2 — 1) exp (—2%]2/6123; (Oum - @m)) :

1
92 = == dimensionless coupling constant.
v

Perturbation theory

Let us suppose that n(xz) fluctuates weakly about some constant direction ng. We
parameterize

n:no\/l—g2m2—|—gm, (m - ng) =0,
- 0 - 0
IS _ /d2$ (8,um . C%m—l—gz(m um)(m um)) ,
1 — 92m2
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Dm(x) |
\/1 _ 92m2

[Dn(z) d(n°—1) =

“Perturbation theory” in the usual integral:

oe) A2
/ dgbexp(— 2¢ —Bg¢3—Cg2¢4—|—...>

— 0

Z

A2
— /dgbexp(— 2¢>[1—ngb3+%(Bg¢3)2—C’g2¢4—|—...]

27T 1 221'3'5 21‘3
- JZl14+B _C
A[+2 973 92 T ]

Generalization to multi-dimensional integral:

iAijd;
Z = / de; exp (—¢ 2"% — g Bijrpididr — g Cijribidjdrcr + - - )
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2m 15 , —1 ,-1 —1 2 —1 ,—1
— Tot A [1 + 79 Bijk Aij Akl Boni Amn — 39 Cijk:l Az‘j Ak;l + ...

do; pip; exp (—3 A
“propagator” = Gij =< ¢ip; >= A} = f j?dngejxi (p_(l (;’qu) :
) 2

G ki
(CY G_mn I

In our field theory case, the free propagator is

[Dmm®(z)m’(y) exp (— [d*z L9,m 9,m" + ...)

Gab . = a b —
(33' y) <m (x)m (y) > fDm exp (_ fd233 % 8Mmaauma 4 .. )
a d2p 1p-(x— 1 5ab
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— describes the massless correlation function of two ‘spins’.

Integrating out high momenta py < |k| < po we find that the dimensionless coupling
constant is renormalized:

s Al S
VAN

g" g2 g2

= — In —, g (p1)>g" (u2) !
g%(p1)  g*(pe2) 27 75

This is called asymptotic freedom: at large momenta the interaction is weak, whereas at
low momenta it blows up.
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Momentum A where the coupling constant formally becomes infinite:

A ( 27 1 )
, or = exp | — :
N —2 g*(p)

1 N—2
g*(p) 2w

In

0 = ®
A

w is the UV cutoff, e.g. inverse lattice spacing, © = 1/a; g*(u) is the coupling
constant defined at the cutoff momentum. In condensed matter physics 1/A is called the

correlation length: at this distance the propagator < n(z)n(y) > deviates very strongly
from the free one; something happens there.

In O(N = 2) model there is no renormalization — why? Because the theory is ‘free’:

n = (cos a, sin ), o,no,n = 0,ad, .
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A more general view on the renormalization

The nonlinear O(IN') sigma model describes long wavelength fluctuations of the vector
order parameter n(x). It is a particular example of a wider class of ‘nonlinear sigma
models’ with the action

S = %/d%} gab(w)ﬁuwaﬁuwb

with the integration measure

D/L[”U)] — H V det Jab

In case of O(IN) the 'metric tensor’ g,,(w) is that of the (IN —1)-dimensional sphere:

1
V1-— g2 w2’

a=1,... N — 1.

a. b
w w
Jab — <5ab + 1—) , V det gab —
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It describes fluctuations of the order parameter on a sphere S ~1 of radius 1/g. More
general sigma models describe fluctuations of the order parameter belonging to some more

general space, whose metric is given by gq»(w).

It is clear that physics is in the geometrical character of the space the fluctuations belong
to, and is independent of the way one may wish to parameterize the space! (For example,
the sphere can be parameterized by an infinite number of ways.)

If one changes the parameterization of the space the fields belong to,

/ /
a a, w! = ésinfwlsinw2
w = w (w), e.g. ) L .n "y
w” = sinw’cosw
the Lagrangian becomes, in terms of new variables,
a b /\ Ow’ g 0w’ "y
L = gab(w)auw Opw” = Gap(w(w")) /alauw 7Y, Opw
ow ow
— / 8wa 8wb 8 /ala /b/ _ / / 8 /ala /b/
— gab(w(w ))8’11)/0/ ow'? FOpw pw = ga’b’(w ) pw pw
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where the new metric tensor is obtained from the old one by a “general coordinate
transformation” (or diffeomorphism):

, , Ow® Ow”
ga’b’(w ) — gab(w)aw/a/ PO

Physical quantities cannot depend on the concrete parameterization of the space of fields,
i.e. on how the fields are introduced, but can depend only on the diffeomorphism-
invariant characteristics of the space, like curvature.

The curvature is defined as follows. First, one defines the Christoffel symbols (or connection
coefficients),

0 0 0
FZ = %gad < Jed —|— gbd — gbc> ’ FZ — Fab)
¢ Ow?b Owe Ow? ¢ ¢

and the covariant derivative in curved space,

a 8 a a
(Vb)c — %50 —|— Fbc’
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Second, one defines the Riemann tensor as the commutator
a a
Ry.q = [chd]b :

One can use the contravariant metric tensor gab such that g““gep = 5? to rise and contract
the indices. The rank-2 Ricci tensor is the partial contraction of the rank-4 Riemann tensor,
while the full contraction is the scalar curvature:

c ab ab cd
Ry =R R=g Rw=9 g9 Racbd-

acb’

Friedan's renormalization, or Ricci flow

Integrating out high-momenta fluctuations, p1 < |k| < w2, the metric is renormalized:

[ ]
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Here Rupcq and R, are the Riemann and Ricci (respectively) tensors of the curved
manifold (to which the order parameter belongs).

Thus, the renormalization is determined by geometry of the internal space of the order
parameter. In the simplest case of the O(3) model corresponding to the geometry of the
sphere one obtains

d 4
Rab = 9" gab, RacaeR" =2g" g, R =2g",

so that the form of the metric does not change from integrating over high momenta.
Therefore, Friedan’s Eqn. comes to the renormalization of the scalar curvature or of the
radius of the sphere on which the fields live, or of the coupling constant, which we know
already:

1
) __1 _ o

dln p 2w 272

However, there are models where the geometry of the order parameter space changes
when one integrates out fluctuations with smaller and smaller momenta: it becomes either
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more curved, meaning going more and more into the strong coupling regime, or more flat,
meaning critical behavior in the limit of large wavelengths. See

[A General Relativity package “GRTensor” for Maple and Mathematica can be found at
http://grtensor.phy.queensu.ca/ but better write it yourself...]

Friedan's renormalization group (in one loop!!) is called Ricci flow in the mathematical
literature. Studying it in 3d managed to prove the Poincaré hypothesis
(that all 3d spaces with trivial topology, i.e. of genus zero are continuously deformable to
a sphere S, and got a Field prize for that (but refused it).

Problem: Find Rgpeq and Rgp and R for the O(IN) sigma model and find the charge
renormalization in that model in two loops from Friedan’s Eqn. Compare it with the known
result for that model
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Nonperturbative method: 1/N expansion

Imagine, the spin field n(x) is a multi-dimensional vector, N > 1. Then the theory
can be easily solved exactly! One introduces an auxiliary integration over a field called the
Lagrange multiplier, to get rid of the restriction n® = 1:

1;[5(112(3:) _ 1):/D)\(ac) exp /d%; (—zigz) (n? — 1).

Integration over X is along the imaginary axis but we shall look for a saddle point in A
which is real.

1 A
Z:/D)x/dn exp /d2x [——(@Lnaun + >\n2) + —] )
29?2 29?2

Now the integral over n is gaussian (as for the free field) with A\ playing the role of a
mass” term. The path integral is similar to that for the harmonic oscillator ( ).

1
/dn eXp —-— /d2x (8,n8,n + An?)
g
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where det... is a functional determinant.

Formal manipulations with functional determinants:

D = —0°4 )\, Dy = —O°.
det D
et DO = exp|—3Sp (In D —In Dy)]
< d
= exp [%Sp / _8 (6_8D o e—sD())]

0 S

Sp G_SD _ / lim e—zky e—sD eik:x.
2wy v

—zkzﬂcD itkx _ —(8+Zk)2+>\

D. Diakonov, L-3

15



det D, / / k2 + A + eradients of A
= —_— radalents o .
det D 2mE " g T8

Let us try to find a saddle point in A putting 9/OX... — 0 :

/de <— - _/(277)2 k2+>\> =0

The k integral is logarithmically divergent at large k. Let us cut it at some large momentum
|k| = i > X implying that the bare coupling constant g?(11) is defined at that value of
the cut-off momentum. We get

I dk 1 _ N, W
A

= N —.
g*(n) (2m)2 k2 £ X X

Hence, the Lagrange multiplier A develops a nonzero expectation value

<A>=u’ ( A ) A2
=u exp| —— | =A".
Ng?(p)
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Discussion

e In this derivation, we have neglected gradients of A\(x). They are suppressed as 1/N
hence the conclusion that the n field gets a mass /< A > is, strictly speaking, justified
only at NV > 1, However, the exact solution |

] shows that < A >z 0 is correct even for the O(N = 3) model. One has to
replace N — N — 2.

e < )\ > is proportional to the UV cutoff 12, however the above combination of 1 and
g*(w) is in fact cutoff-independent! (Because when one changes 11 one changes g*(1)
according to the renormalization Eqn.) This phenomenon is called transmutation of
dimensions: it's the only way how a dimensionfull quantity (here: the mass gap \/X)
can appear in a theory where the coupling constant g is dimensionless.

e The appearance of the mass v/ A means that instead of N — 1 massless Goldstone
particles of the perturbation theory one obtains /N massive particles. The broken
symmetry (spontaneous magnetization) is restored!
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Further reading (books):

A. Polyakov, Field Theories and Strings, Harwood Academic (1988)

E. Fradkin, Field Theories of Condensed Matter Physics, Addison—Wesley (1991)

A. Tsvelik, Quantum Field Theory in Condensed Matter Physics, Cambridge U. Press
(1995)

Problem (reminder):

Derive charge renormalization in the O(N) model from Friedan's equation.

D. Diakonov, L-3 18



