
Quantum fluctuations about the instanton

What is
∫

Dx(t) ? We write a general trajectory x(t) as a sum of a classical trajectory

and of presumably small quantum fluctuations about it,

x(t) = xcl(t, ξ) + y(t), |y(t)| � |xcl(t)|,

xcl(t, ξ) = x0 tanh
t− t0

2
, ξ = t0.

ξ is the set of ‘collective coordinates’ characterizing the classical solution, of which the

action is independent. In this simple case there is only one collective coordinate, the time

t0 when the tunneling from one well to another happens. It is also called the ‘instanton

center’.
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To make the above decomposition unique one has to impose conditions on the small
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fluctuations y(t): they must be orthogonal, in the Hilbert space sense, to changing the

collective coordinates. The partition function is, loosely speaking,

Z =

∫

Dx(t) e
−S[x(t)]

.

We insert a unity à la Faddeev–Popov:

1 =

∫

dξ

∫

Dy(t) δ (x(t) − xcl(t) − y(t)) · δ
(

∫

dt ψ(t, ξ) y(t)

)

Φ [x(t)]

where Φ[x(t)] is a functional fixed from the requirement that the r.h.s. is indeed unity,

identically. Therefore, we get by definition,

1

Φ [xcl(t, ξ)]
=

∫

dξ′
∫

Dy′(t) δ
(

xcl(t, ξ) + y(t) − xcl(t, ξ
′) − y′(t)

)

· δ

(
∫

dt ψ(t, ξ
′
) y

′
(t)

)

.
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We expect to find from the δ-functions:

ξ
′
= ξ, y

′
(t) = y(t),

so we can expand

xcl(t, ξ
′
) = xcl(t, ξ) +

∂xcl

∂ξ
(ξ

′ − ξ) + . . .

The functional δ-function becomes

δ

(

y(t) − y
′
(t) − ∂xcl

∂ξ
(ξ

′ − ξ)

)

.

We use this δ-function to integrate
∫

Dy′(t) and get using
∫

da δ(a b) = 1
b

Φ
−1

=

∫

dξ
′
δ

(
∫

dt

[

ψ(t, ξ) +
∂ψ

∂ξ
(ξ

′ − ξ)

]

·
[

y(t) − ∂xcl

∂ξ
(ξ

′ − ξ)

])

where we have substituted ψ(t, ξ′) by the first [...] and y′(t) by the second [...] We

need not an abstract Φ but the one inside the partition function which includes the

4



δ (
∫

dt ψ(t, ξ)y(t)). Hence the leading term is zero, and we obtain

Φ
−1

=

∫

dξ
′
δ

{
∫

dt

[

ψ
∂xcl

∂ξ
− ∂ψ

∂ξ
y

]

(ξ
′ − ξ)

}

=

(
∫

dt

[

ψ(t, ξ)
∂xcl(t, ξ)

∂ξ
− ∂ψ(t, ξ)

∂ξ
y(t)

])−1

.

Finally, the well-defined partition function is written as an integral over p collective

coordinates ξi and a path integral over small oscillations y(t) about the classical solution,

subject to a constraint that they are orthogonal to p functions ψi(t, ξ):

Z =

∫

Dy(t)

p
∏

i=1

∫

dξi δ

(
∫

dt ψi(t, ξ) y(t)

)

· det{ij}

∫

dt

[

ψi

∂xcl

∂ξj

− ∂ψi

∂ξj

y

]

· exp (−S [xcl(t, ξ) + y(t)]) .
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This expression is in fact independent of the choice of the functions ψi(t, ξ): the only

restriction is that

det{ij}

∫

dt ψi

∂xcl

∂ξj

6= 0.

Now we have to expand the action about the saddle point xcl:

S[xcl + y] = S[xcl] + y
δS

δx

∣

∣

∣

∣

x=xcl

+
y2

2

δ2S

δx2
+ ... = S0 + 1

2

∫

dt
[

ẏ2 + V ′′(xcl(t)) y
2
]

.

To integrate over y(t) we expand it over eigenfunctions of an analogous Schrödinger eqn,

where ‘time’ plays the role of the coordinate:

[

− d2

dt2
+ V

′′
(xcl(t))

]

yn(t) = λn yn(t),

y(t) =
∑

cnyn(t),

∫

dt ymyn = δmn.
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Then

∫

Dy(t) e−S =
∏

n

∫

dcn√
2π

e−
λnc2n

2 =
∏

n

1√
λn

.

In our case the ‘potential’ is

V
′′
(xcl(t)) = 1 − 3

2

1

cosh2 t
2

.
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Small oscillations spectrum
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Main features of the spectrum: it is continuous but a couple of discrete levels. The bound

state with λ1 = 3
4 accidental but the zero mode with λ0 = 0 could be anticipated, since

the action evaluated on a shifted kink is the same,

S [xcl(t, ξ + δ)] = S[xcl(t, ξ)] +
δS

δx

∣

∣

∣

∣

x=xcl

∂xcl

∂ξ
δ

+ 1
2

[

δS

δx

∂2xcl

∂ξ2
+
∂xcl

∂ξ

δ2S

δx2

∂xcl

∂ξ

]

δ2 + ...

hence the last term is zero! Moreover, we have in fact found the zero mode eigenfunction,

up to a normalization constant,

y0(t) = const.
∂xcl(t, ξ)

∂ξ
= const.

∂ tanh
t−t0

2

∂t0
=

const.

cosh2 t−t0
2

.
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The zero mode is, by construction, normalized to unity:

y0(t) = C ẋcl, C =

(
∫

dt ẋ
2
cl

)−
1
2

= S
−

1
2

0 .

In the gaussian approximation the functional integral is

Z = e−S0

∫

dt0

∫

dc0√
2π

δ

(
∫

dt ψ · (c0C ẋcl + ...)

)

·
(
∫

dt ψ ẋcl

)

∏

n6=0

1√
λn

=

∫

dt0 e
−S0

√

S0

2π

∏

n6=0

1√
λn

.

This product of eigenvalues is divergent, just as the product of harmonic oscillator’s

eigenvalues is divergent. To give sense to the product, we normalize it to the product

of harmonic oscillator eigenvalues. The fortunate point here is that the Schrödinger eqn

for the potential 1/ cosh2 t is known exactly, see L. Landau and E. Lifshits, Quantum

mechanics.
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For the concrete potential V (x) = V0(x
2/x2

0 − 1)2, x2
0 = 8V0, the (normalized)

product of nonzero eigenvalues is [see V. Novikov et al., The ABC of instantons]

∏

n6=0

1√
λn

=

√

3

2
· e−

1
2T
,

the last factor being the product of eigenvalues for the harmonic oscillator at T → ∞,

see L-1.

The contribution of one instanton (here: kink) to the double-well partition function is thus

Z =

∫

dt0 e
−S0

√

S0

2π

√

3

2
e
−

1
2T ≡

∫

dt0
(

1
2∆

)

e
−

1
2T
.

1
2∆ is called the instanton weight, it gives the probability amplitude for the instanton (that

is for tunneling) to occur.

1
2∆ =

√

3

2

√

S0

2π
e
−S0 = 4

√

8V0

π
e
−16

3 V0.
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Instanton gas

Tunneling (i.e. instantons) may occur at any time t0 and many times back and forward

[figure], and one has to sum over all possibilities. This is called the “instanton-antiinstanton

gas”. Integration over the times t1, . . . , tn when instanton tunnelings happen:

∫ T

0

dt1

∫ T

t1

dt1 . . .

∫ T

tn−1

dtn =
T n

n!

Summing over many kinks and anti-kinks:

〈x0|e−HT |x0〉 = e
−

1
2T

∑

n=even

(1
2∆T )n

n!
= e

−
1
2T

cosh
(

1
2∆T

)

=
1

2

(

e
−

(

1
2−

∆
2

)

T
+ e

−
(

1
2+∆

2

)

T

)

,

1
2∆ =

√

3

2

√

S0

2π
e−S0 = 4

√

8V0

π
e−

16
3 V0.
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This should be compared to the definition of the partition function

Z =
∑

n

e
−En T T→∞

= e
−

(

1
2−

∆
2

)

T
+ e

−
(

1
2+∆

2

)

T

On the one hand, 1
2∆ gives the probability amplitude of the instanton. On the other hand,

∆ is the level splitting! We arrive to the same result as we have obtained from solving

directly the Schrödinger eqn for the double-well potential!

Some lessons

• Instanton is a classical tunneling trajectory evolving in imaginary (Euclidean) time.

• Tunneling amplitude is ∼
(√

S
)p

exp(−S)
(

1 +O
(

1
S

))

where S is the action along

the instanton trajectory, and p is the number of “flat directions” in the saddle point.

• Instantons have p zero modes related to the variation which does not change the action

(the flat directions).

• One has to integrate over collective coordinates connected to zero modes.
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Problems

1. Find analytically the instanton (kink) trajectory xcl(t) for the periodic potential

V (x) = V0 cos(2π x/x0).

2. Show that the zero mode y0(t) = ẋcl(t) is indeed the zero-eigenvalue solution of the

Schrödinger equation for small oscillations.
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